Abstract Physics-based models of volcanic eruptions track conduit processes as functions of depth and time. When used in inversions, these models permit integration of diverse geological and geophysical data sets to constrain important parameters of magmatic systems. We develop a 1-D steady state conduit model for effusive eruptions including equilibrium crystallization and gas transport through the conduit and compare with the quasi-steady dome growth phase of Mount St. Helens in 2005. Viscosity increase resulting from pressure-dependent crystallization leads to a natural transition from viscous flow to frictional sliding on the conduit margin. Erupted mass flux depends strongly on wall rock and magma permeabilities due to their impact on magma density. Including both lateral and vertical gas transport reveals competing effects that produce nonmonotonic behavior in the mass flux when increasing magma permeability. Using this physics-based model in a Bayesian inversion, we link data sets from Mount St. Helens such as extrusion flux and earthquake depths with petrological data to estimate unknown model parameters, including magma chamber pressure and water content, magma permeability constants, conduit radius, and friction along the conduit walls. Even with this relatively simple model and limited data, we obtain improved constraints on important model parameters. We find that the magma chamber had low (<5 wt %) total volatiles and that the magma permeability scale is well constrained at ∼ 10 −11.4 m 2 to reproduce observed dome rock porosities. Compared with previous results, higher magma overpressure and lower wall friction are required to compensate for increased viscous resistance while keeping extrusion rate at the observed value.
Introduction
Ground deformation, seismic activity, gas geochemistry, and petrologic data are all vital for monitoring active volcanoes, yet even today, comparisons among different data types tend to be qualitative rather than quantitative, potentially making interpretations of separate data sets difficult to reconcile. At the same time, physics-based models of volcanic eruptions have become more sophisticated, enabling us to relate physical and chemical properties of magmatic systems to explain the rich observations at the surface and understand how parameters of the magmatic system dictate eruption characteristics such as mass effusion rate and explosivity. These models enhance our ability to interpret observations at volcanoes by offering opportunities to integrate diverse volcanological data sets.
Physics-based conduit flow models track the evolution of magma properties such as density, viscosity, and compressibility through time and space (e.g., Gonnermann & Manga, 2007; Jaupart and Allègre, 1991; Kozono and Koyaguchi, 2012; Mastin, 2002; Melnik and Sparks, 2005) . Since these properties depend on constituent phase concentrations of the magma, conduit flow models must account for phase transitions during ascent, including crystallization and gas exsolution. Some studies also consider mass exchange with the surroundings, such as gas loss from the conduit (Collombet, 2009; Kozono & Koyaguchi, 2010 Jaupart & Allègre, 1991; Melnik & Sparks, 1999) . Comparing predictions from these models with observations can inform us about otherwise inaccessible aspects of the magmatic system (Sparks, 2003) ; however, few studies relate observations to models in a quantitative inverse procedure.
To further develop the potential of physics-based inversions of volcanic eruption data, we seek to improve the forward model by implementing equilibrium crystallization and gas transport (water and carbon dioxide) in the conduit to more realistically emulate phase changes. These processes have been shown to produce nonlinear effects that predict a rich range of volcanic behavior (Kozono & Koyaguchi, 2012; Schneider et al., 2012) . In particular, Schneider et al. (2012) found that slight changes in temperature and lateral gas escape were responsible for the different eruption regimes observed at Mount St. Helens in the 1980s and in [2004] [2005] [2006] [2007] [2008] . We include here both lateral and vertical gas transport through the conduit. Additionally, we refine the model for magma rheology by applying the dacite melt model of Whittington et al. (2009) and allowing gradual, pressure-dependent crystallization to influence viscosity. Finally, we include a natural rheological transition between distributed viscous flow and localized frictional sliding along the margins of the solid plug, following Schneider et al. (2012) , to emulate the common observation of semisolid plugs in effusive dome-forming eruptions.
In this paper, we examine solutions to the steady state system of equations to understand the effects of these model changes and to derive insight into complicated time-dependent behavior, which will be studied in future work. As in Anderson and Segall (2013) , we maintain a relatively simple radially averaged representation of the conduit to allow the forward model to be evaluated a large number of times in a Bayesian inversion. We specifically apply this model to the 2004-2008 dome-forming eruption of Mount St. Helens, focusing on the quasi-steady extrusion period between March and December 2005. We show how additions to the conduit model allow us to constrain new properties of the magmatic system, as well as to understand how different model parameters influence the observed data. Results from this study will inform future analysis of the time-dependent system which will include GPS and extrusion flux time series.
Physics-Based Forward Model
The forward model consists of a one-dimensional, isothermal, cylindrical conduit coupled to a magma chamber, following Anderson and Segall (2011) (Figure 1 ). The magma chamber is treated as a lumped parameter, where only conditions at the chamber top (corresponding to the base of the conduit) are employed to solve the conduit equations. If this pressure exceeds magmastatic pressure, magma will exit the chamber and flow to the surface (the magma has no Bingham yield strength in the current implementation). As magma ascends and depressurizes, crystallization and gas exsolution occur. Both processes increase the bulk magma viscosity. Once viscous resistance to flow exceeds the rate-dependent frictional strength on the conduit wall, the magma forms a solid plug moving primarily through frictional slip on the conduit margin.
Conservation Laws
Momentum balance for conduit magma is modeled assuming laminar Poiseuille flow through a long cylindrical conduit (e.g., Anderson and Segall, 2011) . To simplify the problem to 1-D in depth, the magma velocity is integrated over the conduit cross section to obtain the total flux; dividing by area yields the radially averaged velocity. Typically, Poiseuille flow assumes no slip on the boundary walls; however, we allow frictional slip on the conduit wall using the regularized rate-dependent friction law of Rice et al. (2001) but without state The magma chamber and conduit geometry adapted from Anderson and Segall (2013) . Properties of the magma chamber are taken as bulk averages. (b) Details of the conduit model. During ascent, magma crystallizes, volatiles exsolve, and gas escapes laterally and vertically once the percolation threshold is reached. Magma flows as a viscous fluid with frictional sliding on the conduit walls. Initially, flow is dominantly viscous but eventually transitions to frictional sliding. evolution effects since we focus here on steady state behavior. The radially averaged velocity v is thus the sum of the distributed Newtonian viscous contribution and the contribution from slip along the conduit margin,
where R is the shear stress along the conduit walls,
The vertical pressure gradient is p∕ z, is the magma bulk density, which includes liquid, solid, and gas phases, and g is gravitational acceleration. The conduit has radius R, is the bulk magma viscosity, and c is the effective normal stress on the conduit wall, which is the difference between lithostatic normal stress = rock gz and hydrostatic pore pressure p hyd . The friction parameters are the nominal coefficient f 0 , rate dependence a, and reference velocity v r (see Table 1 for symbols used in this paper).
In equation (1) Whittington et al. (2009) and the effect of magma solid fraction and strain rate (Caricchi et al., 2007; Costa, 2005) .
Deep in the conduit, magma viscosity is low (∼ 10 6 Pa s), and normal stress on the conduit walls is high, making v visc ≫ v fric so that magma flows viscously. At shallower depths, magma viscosity is high (∼10 18 Pa s), and normal stress on the conduit walls is diminished, allowing v fric to dominate, and magma slides as a solid plug along the conduit walls. Between these two extremes, both viscous flow and frictional sliding occur and are combined to obtain the total magma velocity. We define the plug to be formed when v fric > v visc , which corresponds to the peak in wall shear stress.
The continuity equations for liquids and solids, water, and carbon dioxide respectively are given by (2012) . Isothermal conduit flow is assumed, permitting solid mass fraction to be computed as a function of pressure at each depth in the conduit. (b) Relative viscosity due to crystals s = ∕ m calculated using the empirical relation of Costa (2005) . Fitting parameters in the empirical equation are calculated in terms of shear strain ratė (Caricchi et al., 2007) .
(e.g., Kozono & Koyaguchi, 2012; Schneider et al., 2012) . In these equations, subscripts s, l, g, h, and c denote solids, liquid melt, gas, water, and carbon dioxide, respectively. The density of each phase is , while is the volume fraction, and d is the mass fraction of dissolved volatiles in the melt. The ratio of exsolved carbon dioxide to exsolved water is denoted by Γ = e c ∕ e h , where the superscript e represents exsolved volatiles and is uniquely determined by the mole fraction of water in the vapor phase (section 2.3). Vertical and lateral gas velocities are represented by v g and u g , respectively. At steady state, the first term of each equation, which represents time-dependent change in mass of each component, is identically 0. Equation (3) considers both crystals and melt together. Since crystals are formed from the melt, any decrease in melt volume fraction is balanced by an increase in solid volume fraction. Equations (4) and (5) refer to the mass balance of water, the dominant volatile species, and carbon dioxide, respectively. The first depth-dependent term in these two equations represents flux gradients of dissolved and exsolved volatiles, determined using the solubility relation of Liu et al. (2005) . The second depth-dependent term represents vertical gas flow through the magma. Both equations have a nonzero sink term representing lateral gas loss (e.g., Schneider et al., 2012) . Expressions for gas velocities are discussed in section 2.3.
Crystallization in the Conduit
In contrast to Anderson and Segall (2011) who specified a depth of crystallization, we allow magma to solidify gradually during ascent assuming equilibrium crystallization at a specified temperature. We employ the equilibrium crystallization model of Schneider et al. (2012) , based on the MELTS thermodynamic model (Ghiorso & Sack, 1995) with the water-saturated Mount St. Helens dacite chemical composition of Pallister et al. (2008) . This approach neglects the kinetics of crystallization since the ascent rate during the 2004-2008 Mount St. Helens eruption was sufficiently slow. The solid mass fraction relative to nonvapor phases (ratio of mass of solids to combined mass of solids and melt) increases as magma depressurizes at a given temperature (Figure 2a ). We translate specific curves for the Mount St. Helens dacite composition to a lookup table to estimate solid mass fraction at each depth for a given temperature. The nonvapor phase solid mass fraction (6)
where the solid and liquid densities s , l are prescribed and g is calculated assuming the ideal gas law.
Conduit models typically express the bulk viscosity of the magma as (Costa et al., 2007; Mader et al., 2013; Melnik & Sparks, 2002) , where m is the melt viscosity, s is the viscosity increase due to solids, and b is the relative viscosity due to gas volume fraction g and capillary number Ca (Llewellin & Manga, 2005) . In this work, we use the dacitic melt viscosity model of Whittington et al. (2009) which depends on dissolved volatile content and temperature, and model viscosity increase due to solids following Costa (2005) , which was based on experimental data from Lejeune and Richet (1995) . Using a larger experimental data set, Caricchi et al. (2007) offered empirical equations to relate the fitting parameters of this relative viscosity model to strain ratė. Finally, we assume b = 1 because porosity of the 2005 Mount St. Helens dome lavas is relatively low. We expect the effect of bubbles on viscosity to be negligible relative to the effect of crystals (Llewellin & Manga, 2005) .
Solubility and Gas Escape From the Conduit
As in Anderson and Segall (2011) , the dissolved water and carbon dioxide concentrations 
Note that the mole fractions of the two volatile phases sum to unity, m h + m c = 1, which eliminates m c as an independent variable in the above equations. The exsolved mass fractions are given by the difference between the total volatile concentration and the dissolved concentration determined from (9), for example, 
where B is the ratio of the molecular mass of water to carbon dioxide. Equation (10) serves to define Γ in equations (4) and (5).
Gas loss is modeled with Darcy's Law assuming that the gas phase is in both chemical and mechanical equilibrium with the ambient melt. This requires that the decompression timescale dec is long relative to the timescale of volatile diffusion through the melt diff (Gonnermann & Manga, 2013 is justified to be comparatively long, which supports the assumption of chemical equilibrium between the vapor phase and dissolved volatiles. Additionally, we assume that bubble expansion through the viscous fluid is fast relative to the decompression time, visc = ∕(p gas −p) ≪ dec (Gonnermann & Manga, 2013) . At 850 ∘ C and a low dissolved water content of 1 wt %, the Whittington et al. (2009) dacite melt model predicts a viscosity of ∼10 6 Pa s. Assuming that visc < 0.1 dec limits bubble overpressures to p gas − p ≃ 10 −1 Pa before expansion occurs. This very small pressure difference indicates that we can assume that the bubble growth will not be limited by viscous resistance. Laterally, gas flows through both magma and wall rock. We employ a "membrane diffusion" approximation and take the lateral pressure gradient to be the difference between the magma pressure p and the far-field hydrostatic pressure p hyd over a length scale for percolation (Jaupart & Allègre, 1991; Kozono & Koyaguchi, 2012; Schneider et al., 2012) . The pressure gradient for vertical Darcy flow is the magma pressure gradient p∕ z, where, following from the above arguments, we assume that pressures in the gas and magma are equal. Lateral and vertical gas velocities are therefore given by
Magma permeability is based on a Carman-Kozeny relation,
where k c is a scaling constant and gc is the percolation threshold, the minimum porosity to form interconnected pathways (Blower, 2001; Klug & Cashman, 1996; Saar & Manga, 1999) . As magma ascends and gases exsolve, the gas volume fraction increases until it meets the percolation threshold and magma transitions from zero to finite permeability. The lateral permeability k lat includes contributions from the magma and wall rock. We apply the average crustal permeability model of Manning and Ingebritsen (1999) for the wall rock permeability and combine the two permeabilities using a harmonic average assuming > R,
For simplicity, we chose = 2R so that magma and wall rocks contribute equally to the lateral permeability. Increasing would increase the contribution from the wall rocks.
We include two modifications to the above permeability model. First, we consider hysteresis in magma permeability. During bubble expansion, permeability at a specified porosity is found to be lower than during bubble collapse (Rust & Cashman, 2004) . Once interconnected pathways have formed, they continue to remain open, albeit narrowed, if the gas volume fraction subsequently decreases. We implement hysteretic permeability in a simple way: after the percolation threshold is met, equation (12) applies for all g . Although more complicated models for hysteretic permeability exist (e.g., Michaut et al., 2009) , not enough is known about their parameters for use in this study.
The second modification addresses the possibility of gas overpressure at shallow depth. Due to volatile exsolution and crystallization, viscosity increases and bubble expansion becomes severely limited by viscous resistance (Gonnermann & Manga, 2007) . Either overpressure must develop, or as the magma becomes largely solid, sufficient gas must escape to release this overpressure. Here we assume the latter. Once the plug is formed, we no longer evaluate equations (12) and (13) but rather assume that the magma is sufficiently permeable that enough gas is lost to keep the gas pressure in equilibrium with the melt phase without bubble expansion (i.e., porosity is constant). We refer to this modification as "plug gas loss". Without it, porosity continues to increase as pressure decreases and generally reaches a fragmentation condition.
Numerical Solution of Forward Model
The governing equations consist of momentum balance plus the steady state form of equations (3)- (5), which can be written as a system of implicit first-order ordinary differential equations (ODEs). Table 1 lists and classifies the symbols. Conduit radius R; and friction parameters v r , f 0 , a are assumed independent of depth and prescribed in the forward model but estimated in the inversion. Normal stress on the conduit walls is expressed as a function of depth. Magma properties such as density and viscosity depend on the volume fraction and component density of each phase as described in section 2.2, while solubility depends on pressure and mole fraction of water as in (9), and gas escape follows (11). Independent system parameters are either prescribed if they have been previously estimated or later constrained in the Bayesian inversion.
This leaves four remaining field variables to be solved in the governing equations, compiled into the vec- ) at the conduit base. Here the superscript ch refers to the magma chamber. We do not consider the back pressure exerted by the dome here, but this could be included simply by adjusting the pressure boundary condition at the conduit top. Since the governing equations do not explicitly depend on the total volatile concentrations, we require two equations to relate can be found by computing the exsolved mass fractions as the difference between total and dissolved mass fractions, then eliminating
For given p ch , T, 
The above two equations only apply in the chamber and suffice to close the system of equations. For the remainder of the conduit, we solve directly for m h and g .
As described in more detail in Appendix A, the momentum balance (1) is solved for the pressure gradient dp∕dz. Together with the continuity equations ( (3)- (5)), this forms an implicit system of ODEs, which is solved using the shooting method as follows. Given boundary conditions at the conduit base and an estimate of the conduit base velocity v ch , the system of equations is integrated to the surface. The estimate of v ch is adjusted until the difference between predicted surface pressure and atmospheric pressure is approximately equal to zero within the prescribed tolerance. Note that the final solution may contain discontinuous derivatives caused by, first, the transition from zero to finite permeability at the percolation threshold, and, second, fixed porosity once the plug is formed.
Forward Model Simulation Results
We first discuss results from forward model simulations which explore model parameter values as they apply to the 2005 quasi steady state eruption phase of Mount St. Helens (Table 2 , more details in Appendix C1). The forward model requires specification of three boundary conditions in addition to atmospheric pressure at the surface, as well as poorly constrained material and geometric parameters: pressure p ch and total water and CO 2 content,
at the conduit base, which serve as boundary conditions, the permeability scaling constant k c , and percolation threshold gc , which determine the magma permeability, the nominal friction coefficient f 0 and rate dependence of friction a, and the conduit radius R. Total CO 2 content cannot be constrained without gas measurements, so we fix this to 2,000 ppm, an approximation derived by applying the 37 ppm dissolved CO 2 from Gerlach et al. (2008) 
Other independent system parameters are prescribed beforehand.
To compare forward model results with the Mount St. Helens eruption, we use data from (1) porosity of extruded lava, (2) spine exit velocity, (3) spine exit volume flux, (4) depth of transition from viscous flow to plug flow (plug depth), and (5) solidus depth. Plug depth is inferred from the depth of "drumbeat earthquakes" (Iverson et al., 2006) , while the solidus depth is constrained through the groundmass crystallization pressure . Data ranges are listed in Table 2 with more detail of their selection in Appendix C2. We use these data to constrain the Bayesian inversion (section 4).
Model Uniqueness
To analyze uniqueness in the forward model, we determine whether a given set of model parameters permits multiple solutions that satisfy atmospheric pressure at the surface. Uniqueness is achieved when only one conduit base velocity v ch yields a solution that matches this surface condition.
Extensive searching of the model space reveals that most choices of model parameters produce unique solutions; however, in some extreme cases, solutions are nonunique. The difference between surface pressure Note. In the inversion, Gaussian tails with standard deviation equal to 10% of the width of the uniform part are applied to extend these bounds.
predicted by a wide range of v ch and atmospheric pressure is shown for five model parameter sets in Figure 3 . All models except A cross 0 exactly once. Model A shows that nonuniqueness is possible when chamber pressure and magma permeability are low-in this case there are four solutions. The physical basis for nonuniqueness has been identified in previous work (Kozono & Koyaguchi, 2012; Melnik & Sparks, 2005) . At low v ch , the timescale of magma ascent is long, allowing more time for gas to escape through the walls, reducing exsolved gas content within the conduit. Magma density consequently increases, offering more resistance to flow. Conversely, at high v ch , gas content in the conduit remains high, decreasing density and allowing magma velocity to remain relatively high. Although we include this nonunique region of the model space in subsequent analyses, we find that the Bayesian inversion for Mount St. Helens rejects these model parameter combinations, thus avoiding nonunique inversion results (section 5). When applying data from other eruptions, one should be careful and investigate the effect of nonunique forward model solutions on inversion results as this effect will be problem specific.
Increasing the conduit base pressure (Model C) translates the curve to higher surface pressures so that only the root corresponding to the higher v ch model exists. Increasing magma permeability (Models B, D, and E) reduces the height of the peaks and shifts them to lower v ch . Gas escape occurs with greater ease (equation (11)), increasing magma density. The prescribed chamber pressure can only extrude the heavier magma column at a lower speed.
Overview of Model Behavior
We solve the forward model to obtain depth-dependent conduit properties using representative values for Mount St. Helens (Figure 4) . The percolation threshold of 0.30 is met at ∼ 1.3 km depth, and gas transport commences. At this depth, the magma permeability is high (Figure 4f ), allowing vertical gas escape to dominate, while lateral gas flow is limited by the wall rock permeability. As gas is lost, the magma permeability decreases to the wall rock permeability so that both lateral and vertical permeability are comparable. Gas escape causes the gas volume fraction to decrease, which results in a corresponding increase in density and decrease in velocity (Figure 4d ). The plug depth is at ∼ 0.8 km, where magma flow switches abruptly from viscous flow to frictional sliding ( Figure 4c) . Pressure decreases at a relatively steady rate until this depth, above which it begins to decrease more rapidly. This change in pressure gradient corresponds to the peak in shear stress along the conduit wall ( Figure 4b ). The solid fraction increases rapidly and reaches a maximum value at the solidus depth of ∼ 0.6 km, while the melt and gas fractions decrease to their minimum. These phase changes cause the magma viscosity to increase rapidly (Figure 4g ), contributing to the rheological transition to plug flow ( Figure 4c ).
To capture the overall flow dynamics, multiple forward models are evaluated to examine the relationship between mass flux and chamber pressure, and to offer comparison with other studies (e.g., Kozono and Koyaguchi, 2012) . Changing the wall rock permeability (for fixed k c ) causes the mass flux to vary between the efficient gas escape curve and the no lateral gas escape curve. On the other hand, changing k c (for fixed k w ) causes the mass flux to vary between efficient and no gas escape, since magma permeability factors into both lateral and vertical gas transport. In some cases, the flux exhibits a jump that indicates a crossover from the low to high flux models. This crossover is most noticeable for k top wall = 10 −13 m 2 at ∼ 95 MPa in Figure 5a and for k c = 10 −14 m 2 and 10 −13 m 2 in Figure 5b . As discussed in section 3.3, rapid changes occur when the magma velocity is high enough to limit gas escape, and the retained gas decreases the bulk magma density feeding back to further increase ascent velocity (Kozono & Koyaguchi, 2012) .
Sensitivity tests investigated the dependence of observed data on a range of model parameter values (Appendix B). Most model parameters follow the expected behavior, such as increasing chamber pressure or water content leading to higher exit velocities. In some cases, exit velocity and porosity are inconsistent with effusive eruptive behavior and therefore represent nonphysical solutions of the governing equations, but these variations still provide insight into the forward model. Most notably, varying the magma permeability scaling constant k c resulted in nonmonotonic changes in the predicted data ( Figure 6 ). We explore this unexpected behavior in the next section.
Effect of Gas Escape on Conduit Flow
To understand the role of gas escape, we solved the forward model for a range of magma permeability scaling constants k c . One expects a larger k c to decrease porosity and exit velocity, since higher permeability permits more efficient gas escape, reducing the magma density, which should decrease velocity. This does occur initially ( Figure 6) ; however, the velocity exhibits a minimum at k c ≈ 10 −10 m 2 , after which it increases.
Examining the evolution of conduit gas content explains this nonmonotonic behavior. As magma ascends and depressurizes, volatiles exsolve and magma porosity increases. Once the percolation threshold is met, permeability becomes nonzero. Figure 7 shows gas velocities as a function of k mag ∕k wall at the percolation threshold depth, where
. This marks a crucial transition that controls the evolution of magma porosity above this depth. Vertical gas velocity increases proportionally with k mag ∕k wall since it is independent of k wall . Lateral gas velocity increases until k mag ∕k wall ≃ 1, after which it remains constant. Lateral permeability combines magma and wall rock permeability (equation (13)), with equal weights when = 2R); thus, when k mag is sufficiently large, flow is limited only by the wall rock, that is, k lat ≈ k wall for k mag ∕k wall > 1. Chamber pressure also affects the gas velocity: higher chamber pressure increases both the vertical and lateral pressure gradients p∕ z and (p − p hyd )∕ ; thus, the respective gas velocities are also higher. Including both lateral and vertical gas flow allows us to study the competing effects between these two processes during magma ascent (Figure 8 ). Consider the relative timescales of lateral t lat = R∕u g and vertical gas flow t vert = L∕ (v g − v) , in comparison to the magma ascent timescale t ascent = L∕v. In each case, the relevant velocity is measured at the depth at which percolation threshold is met. At the low permeability extreme, lateral gas flow is negligible such that t lat ≫ t ascent ( Figure 8a) ; t lat ∕t vert is less than 1, so vertical gas flow is also limited (Figure 8b ). As magma permeability increases, lateral gas escape becomes more important and t lat ∕t ascent decreases. For lower chamber pressure models, both t lat and t ascent are longer, but the second effect is more pronounced, resulting in the smaller t lat ∕t ascent .
The 92.5 MPa model is monotonic with t lat ∕t ascent decreasing with increasing k mag ∕k wall ; however, the other two models exhibit minima. In addition, the 82.5 MPa model shows a rapid drop when k mag ∕k wall ∼ 1, which corresponds to k c ∼ 10 −13 m 2 . This rapid drop coincides with the jump in mass flux with k c seen in Figure 5b . Increasing the magma permeability in this region causes a sharp decrease in mass flux, such that t ascent increases and causes a rapid drop in t lat ∕t ascent . At higher chamber pressures, the flux is less sensitive to changes in k c . Eventually, around k mag ∕k wall ∼ 10 4 , vertical gas loss dominates lateral gas loss due to the limiting effect of wall rock permeability, and t lat ∕t ascent increases.
When gas transport is dominated by vertical flow, flow velocity and porosity are higher, because vertical transport is less efficient than lateral transport in removing gas from the magma column. This effect lowers the bulk density and increases the flow velocity. The nonmonotonic behavior in the predicted data is thus caused by the competition between lateral and vertical gas escape.
Changing the wall rock permeability alters exit velocity since it affects the relative contributions of lateral and vertical gas flow (Figure 9 ). Similar trends in exit velocity are observed for changing , where increasing has the same effect as lowering the wall rock permeability. For very low wall rock permeability (k top wall = 10 −16 m 2 ), lateral gas transport is negligible and gas can only escape vertically, leaving magma permeability as the only control on gas transport. In this case, we observe the expected monotonic decrease in exit velocity with increasing magma permeability. For higher wall rock permeability, we observe the nonmonotonic trend in exit velocity, beginning at k mag ∕k wall ∼ 10 2 which is approximately the ratio of lateral to vertical pressure gradients. At a given k mag ∕k wall (e.g., 1, denoted by the dashed line), the model with the highest k top wall also has the highest magma permeability to maintain the same ratio of permeabilities. As a result, gas escape is very efficient and the lowest exit velocity is produced by the greatest k top wall model.
Bayesian Inversion Using Eruption Data From Mount St. Helens 2004-2008
One of the goals of this work is to apply the physics-based forward model together with observations to constrain otherwise poorly known properties of the Mount St. Helens magmatic system. The data likelihood function has multiple extrema due to the nonlinearities in the governing equations. Stochastic methods can search the parameter space comprehensively to determine locations of both local optima and, more importantly, the global optimum while also providing useful constraints on parameters (Mosegaard & Tarantola, 1995) . Bayes' theorem provides a 
where
is the data likelihood function, and P(m) is the prior distribution on the model parameters. The prior distributions encode information that we already know about the model parameters and are considered to be independent. The simplest prior is a uniform distribution between two bounds, but this approach assumes definitive bounds. To account for uncertainties in these bounds, we apply Gaussian-tailed uniform distributions (Anderson & Poland, 2016) . We assign the standard deviation of the tails to be 10% of the width of the uniform part, whose bounds are given in Table 1 .
The data likelihood measures the misfit between the predicted and observed data, and its distribution reflects the uncertainties in the data. In Anderson and Segall (2013) , data uncertainties are taken to be Gaussian and each data set was considered independent. However, data analyzed rather than mean values, so we implement Gaussian-tailed uniform distributions for the likelihood function as well (bounds given in Table 2 ). The Gaussian tails reflect uncertainties in estimating the range of values given in the literature. These bounds, as well as bounds on the prior distribution, are discussed in detail in Appendix C.
We sample the posterior PDF using a Markov Chain Monte Carlo (MCMC) algorithm with the MetropolisHastings criterion (Hastings, 1970; Metropolis et al., 1953) . The algorithm is summarized below, and more detail can be found in Anderson and Segall (2013) . Given a set of parameters m, we solve the forward model and compute the likelihood of observing the predicted data P(d | m). The posterior probability is then calculated from (16). In the next iteration, the algorithm uses a random walk to generate another candidate set of model parameters and then repeats the previous steps to find the corresponding posterior probability (e.g., Mosegaard and Tarantola, 1995) . The candidate model parameters are retained in the posterior PDF according to the Metropolis-Hastings criterion. Better fitting models are always retained, while poorer fitting models are sometimes retained, depending on the ratio of the posterior probabilities at the current and former step. This process is repeated over many iterations to build the posterior PDFs of the model parameters.
Parameter Constraints Derived in Bayesian Inversion
Probability density functions (PDFs) of the model parameters are displayed in Figure 10 , while correlations between model parameters are shown in Figure 11 . Parameters of the maximum a posteriori (MAP) model are shown in Table 3 together with the mean, standard deviation, and 90% credible interval. Since the present discussion is limited to steady state behavior, the friction parameters f 0 and a have been collapsed into one parameter f measured at v = v r = 10 −5 m/s to reduce the six-dimensional space to a five-dimensional space. Note that the PDFs of total water content and percolation threshold extend beyond the uniform part of their distributions.
Estimated magma chamber pressures tend toward the upper bound of the uniform part of the prior, with a mean and mode around 90 MPa. The standard deviation of 5.9 MPa indicates that most accepted models lie within the uniform part of the prior, and the 90% credible interval ([79.4, 98.7] MPa) shows improved constraints from the prior. These relatively high values indicate that viscous and frictional losses during magma ascent are large, requiring a higher chamber pressure to extrude magma at the observed rate. A few models with chamber pressure greater than the prescribed upper bound of 100 MPa are accepted. In reality, such high pressures may produce intrusions into the surrounding crust, but this effect is not modeled here; therefore, these high-pressure models require high coefficients of friction to relieve the excess pressure. Additionally, these models produce a distribution of extrusion velocities that is skewed toward the upper bound of 7 × 10 −5 m/s. At the other extreme, very few models with anomalously low chamber pressures are accepted, corresponding to models with low extrusion velocity. These models require minimal viscous and frictional losses, such that even at these low pressures, overpressure at the conduit base is sufficient to drive flow at the lower bound of the observed rate.
Total water content tends toward the lower bound of the prior, with most accepted models between 3 and 5 wt % with a mean at 4.15 wt %. The PDF captures the range obtained from analysis of amphiboles in Rutherford and Devine (2008) and gas emissions in Gerlach et al. (2008) . Surprisingly, the total water content is uncorrelated with permeability or percolation threshold but is negatively correlated with chamber pressure. Since a higher water content strongly increases exit porosity and flux, lowering chamber pressure keeps the predicted data within the observed range.
The scaling constant for magma permeability is well constrained with a Gaussian-like distribution in logarithmic space centered at 10 −11.4 m 2 with a narrow range described by the 90% credible interval of This range of k c represents a balance that allows the given volatile content in the magma chamber to produce the observed dome rock porosity, given the specified wall rock permeability. No models with k c < 10 −13 m 2 were accepted; thus, the MCMC avoided the nonunique part of the model space as described in section 3.1.
The inferred percolation threshold shows a broad distribution, with the mode close to the upper bound of 0.4 which coincides with the MAP model. This range is slightly higher than but includes most experimental estimates of ∼ 0.3 (Blower, 2001) . No correlation between percolation threshold and permeability is observed, but there is a slight negative correlation with chamber pressure. Higher gc causes more volatiles to be retained in the conduit, which increases exit porosity, velocity, and flux. These effects can be compensated by decreasing magma chamber pressure.
The conduit radius shows slightly improved constraints from the prior, with the 90% credible interval given by 67 and 147 m, respectively. The MAP model has a larger conduit radius than the mean, but this is accounted for by the relatively high coefficient of friction that regulates the magma flow rate.
Most accepted models have coefficients of friction less than 0.3 with a peak at 0.02, extremely low relative to typical rock values of 0.6 (Byerlee, 1978) , and also smaller than experimental estimates of 0.42-0.47 for the Mount St. Helens fault gouge (Moore et al., 2008) . Possible explanations for low nominal friction coefficients are discussed in section 6. Nevertheless, the MAP model prefers a friction coefficient of 0.46 which is consistent with experimental estimates. As expected, the coefficient of friction is positively correlated with chamber pressure and conduit radius. If chamber pressure is low, the coefficient of friction must correspondingly be low to enable magma to extrude at the observed rate, while a larger conduit radius increases the magma velocity and flux by R 2 and R 4 , respectively (equations (1) and (2)); thus, a higher coefficient of friction can be accommodated. The coefficient of friction does not exhibit any obvious correlation with the other model parameters.
Maximum A Posteriori Model
One of the main advantages of the MCMC approach is that it generates PDFs of the model parameters, rather than only finding the best fit model. From the PDFs in Figure 10 , we can see that the spread in the models is large and the distributions markedly non-Gaussian, so the system would not be sufficiently characterized by the maximum a posteriori (MAP) model, or the mean model and covariance. Nevertheless, the MAP model indicates which model is most consistent with prior assumptions and observations. Some properties of the MAP model are shown as functions of depth in Figure 12 .
Dramatic changes occur at two depths in the shallow conduit: the percolation threshold depth and the plug formation depth. The percolation threshold marks when permeability becomes active, at ∼0.8 km depth. The percolation threshold in the MAP model is 0.38, which is relatively high compared to experimental estimates (Blower, 2001; Klug & Cashman, 1996; Saar & Manga, 1999) , although smaller values are also consistent with the data in Figure 10 . As magma rises from the chamber, the gas volume fraction increases until it exceeds the threshold at ∼0.8 km. At this depth, gas escapes so that solids and liquids take up larger volume fractions (Figure 12d) . The flow velocity decreases at this depth as the magma density increases (Figure 12c ). Since permeability is hysteretic, gas transport persists at shallow depth even though the porosity drops below the percolation threshold. Figure 12 . Key properties plotted for the maximum a posteriori model obtained from MCMC inversion. Sharp changes occur at the percolation threshold depth at ∼0.8 km and plug depth at 0.5 km. Magma and wall permeability are shown in solid where permeability is active and "plug gas loss" is not.
Viscosity increases exponentially as depth decreases, leading to a rheological transition to plug flow at ∼ 0.5 km depth, where the viscous and frictional velocities trade off over a narrow depth range (Figures 12c  and 12g ). This depth also corresponds to a peak in shear stress. Between the percolation threshold and the plug transition, the volume fraction of solid increases dramatically so that very little melt phase is present. The remaining melt solidifies at a slightly shallower depth.
Discussion

Implications for Mount St. Helens Eruption (2004-2008) and Future Conduit Models
The forward model developed here is specialized for effusive eruptions such as in the dome-forming eruption of Mount St. Helens from 2004 to 2008. We have shown that the governing equations create feedbacks that cause the forward model to be very sensitive to the model parameters. Small changes in parameter values (e.g., changing permeability) may lead to radically different eruption characteristics and could cause a volcano to transition from effusive to explosive behavior, although the fragmentation process in explosive eruptions is not modeled here.
Gas escape is clearly an important process that affects extrusion behavior. Mass flux can vary by orders of magnitude depending on the efficiency of gas escape ( Figure 5 ). This result is consistent with Feedback 2 identified in Kozono and Koyaguchi (2012) , as well as studies of lateral gas escape in Schneider et al. (2012) . In addition, examining both lateral and vertical gas loss is critical to understanding their effect on magma velocity because they can have opposite effects on magma porosity. If we consider only vertical gas transport, the steady state continuity equation becomes
thus, the sum of the two terms in parentheses must be a constant at all depths. During ascent, solubility of water decreases, causing d h to drop. Magma is also solidifying, reducing l . Assuming a constant Γ, this means that g v g must increase by a large amount to compensate for both the decrease in the first term and the decrease of g with pressure. If v g is not greatly different from v, this would in fact lead to an increase in porosity. As such, while lateral gas transport always removes gas from the conduit and reduces porosity, vertical gas transport may lead to either an increase or decrease in porosity depending on k mag which influences the differential vertical gas velocity (v g − v) .
The physics-based forward model allows us to constrain a diverse set of parameters for the Mount St. Helens 2004-2008 eruption by Bayesian inversion. We find magma chamber water contents that agree with the inversion results of Anderson and Segall (2013) . Even with the addition of gas loss, the inversion continues to prefer relatively low chamber water contents, consistent with the eruption style. We suggest that modeling gas escape provides physical constraints on water content in addition to petrologic data. Simply through the balance of volatile content at the base of the conduit with the observed porosity at the surface, we have also obtained physical constraints on the magma permeability given a prescribed wall rock permeability model. Additionally, we obtain improved constraints on physical properties of the conduit system. First, we derive higher chamber overpressures than estimated in Anderson and Segall (2013) . Overpressure is defined here as the difference between the chamber pressure and the magmastatic pressure, which can be obtained by integrating the conduit density over its length and multiplying by the acceleration due to gravity. From the inversion, the chamber overpressure ranged from 6 to 23 MPa with a mean of 16 MPa and the MAP model yielding 19 MPa. In contrast, most models in Anderson and Segall (2013) predict overpressures below 10 MPa. This difference arises from the large increase in viscosity as the magma crystallizes (Figure 12g) , the effect of which was previously not accounted for.
Second, the coefficient of friction along the conduit margins tends to be lower than experimental estimates. These models correlate with small conduit radii and low chamber pressures in order to fit the observed extrusion flux. Notably, the MAP model has a coefficient of friction that agrees with experiments and a moderate chamber pressure-its large radius compensates for those effects to control volume flux. Moderately low coefficients of friction might result from the presence of unconsolidated fault gouge (Lavallée et al., 2014) and even frictional melting (Kendrick et al., 2012) . It should be noted that momentum balance only resolves shear strength on the conduit walls R , given by R = f ( − p hyd ), where f is the coefficient of friction, is the normal stress acting on the conduit walls, and p hyd is pore pressure, assumed to be hydrostatic. We also assumed lithostatic normal stress on the conduit walls, but topographic and tectonic stresses may decrease the normal stress below this value. In addition, the assumption of hydrostatic pore pressure is likely to be an underestimate. If gas is lost from the conduit to a reservoir at hydrostatic pore pressure, the resulting pore pressure acting on the conduit margin must necessarily be above hydrostatic. A substantial decrease in the effective normal stress would allow a higher coefficient of friction to maintain the same wall shear stress.
Results from both the sensitivity analyses and the Bayesian inversion also show that different combinations of model parameters can produce essentially the same predicted data. For example, models with higher chamber pressure may be indistinguishable from those with higher volatile content, because both produce similar observables. It may prove difficult to untangle contributions of individual parameters in an inversion. Solving the problem with a stochastic approach explores the range of possible models by allowing different parameter combinations. We can generally predict trade-offs between parameter combinations from the monotonic trends examined in the sensitivity analysis (Appendix B) and have developed better understanding of the implications of nonmonotonic behavior in the predicted data from varying k c .
Evaluating Model Assumptions
In formulating the forward model, we made assumptions relating to constitutive laws, boundary conditions, and other model characteristics. These assumptions will undoubtedly influence response of the model to certain parameters; thus, it is meaningful to discuss their effects and relevance. Anderson and Segall (2013) already addressed issues relating to basic conduit geometry and model setup, noting that while the 1-D cylindrical conduit model is simplified, the approximation should provide first-order understanding of conduit processes. In reality, conduits may contain irregularities which can affect magma ascent behavior. In places where the conduit is narrowed, magma velocity must increase to preserve mass flux. This velocity increase requires the magnitudes of shear stress and pressure gradient to increase (equations (1) and (2)) and may alter the depth of plug formation due to the nonlinear dependence on strain rate, viscosity, and frictional sliding on the shear stress.
This study removes some assumptions made in Anderson and Segall (2013) , although in doing so, we had to make additional approximations. To model crystallization, we approximate the system assuming isothermal equilibrium crystallization based on MELTS (Ghiorso & Sack, 1995; Schneider et al., 2012) . This approach ignores crystallization kinetics. If crystallization kinetics lag behind the decompression timescale, we would not expect solids to be in equilibrium with the melt. Kozono and Koyaguchi (2012) We quantify the strain rate dependence of the effect of solids on magma viscosity (Costa, 2005 ) using empirical equations from Caricchi et al. (2007) . We estimate the strain rate assuming Newtonian flow, which may be inconsistent with the resulting nonlinear bulk rheology. We anticipate that the average strain rates (∼10 −5 s −1 ) are good to an order of magnitude and do not expect large departures of viscosity from the Newtonian model as long as strain rates remain below the shear thinning limit of the magma, Gonnermann & Manga, 2007) , where G is the magma shear modulus and is on the order of 10 GPa (Dingwell & Webb, 1989) . This assumption fails as the flow becomes more plug like and strain becomes concentrated along the plug margins. We model this shear localization as a switch from Newtonian flow to rate-dependent frictional sliding, beyond which magma viscosity no longer plays a role in momentum balance. This model for shear localization is clearly an enormous simplification of the actual process and warrants additional study.
On a broader level, this model has made simplifications to study conduit flow on a 1-D macroscopic scale. We do not explicitly address effects of crystal and bubble dynamics on magma motion, although some have suggested that these microscopic interactions may exert strong controls on eruption style (e.g., Suckale et al., 2011) . Additionally, advances in computing power have made 2-D or 3-D simulations of conduit flow possible. These studies have provided insight into lateral variations of magma properties and processes occurring close to the conduit wall such as cooling, and they also permit the study of noncylindrical conduits (e.g., Collier & Neuberg, 2006; Collombet, 2009 ). These models are relatively computationally intensive and may be unsuitable for the large number of iterations required by the MCMC inversion. However, they can be used to test assumptions made in this study.
Conclusions
We have applied a physics-based conduit model to the quasi steady state phase of the Mount St. Helens 2004-2008 eruption. By analyzing observations from the eruption in the context of a physics-based model, we obtain useful constraints on mechanical and chemical properties of the magmatic system.
1. The predicted mass flux shows a strong dependence on the efficiency of gas escape, due to effect of gas loss on porosity and bulk density. In some low-permeability cases, slight increases in pressure lead to a dramatic increase in mass flux when limited gas escape feeds back to decrease bulk density, further increasing ascent velocity. 2. The forward model exhibits nonunique behavior at low chamber pressure and low magma permeability, due to the same feedback between ascent rate, gas escape, and density. 3. Different gas escape regimes occur depending on the relative importance of lateral and vertical gas flow.
Magma porosity can either increase or decrease in the upper conduit when vertical gas flow dominates, while lateral gas flow always decreases porosity. Competition between these two processes causes the nonmonotonic trend in exit velocity as magma permeability increases. For the wall rock permeability model of Manning and Ingebritsen (1999) , the gas escape regime changes from dominantly lateral gas escape to vertical gas escape at k mag ∕k wall ≃ 10 4 . 4. The forward model predicts diverse geophysical, petrologic, and geologic data, including dome rock porosity, exit velocity, and flux, as well as plug and solidus depth, all of which can be compared to observations at erupting volcanoes. 5. Results from the Bayesian inversion indicate that magma from the 2004-2008 eruption of Mount St. Helens had low (<5 wt %) volatile contents and that magma permeability is constrained to scale as 10 −11.4 m 2 given the wall rock permeability model used here. 6. Chamber overpressures tend to be higher compared to previous studies to compensate for higher magma viscous resistance, and low wall friction coefficients also moderate the effect of viscous resistance to ensure that magma extrusion is maintained at the observed rate.
With results from the steady state system, we have developed a better understanding of interactions among conduit processes. Future work will implement the time-dependent model to explain transient observations throughout the eruption. Time-dependent effects include the unsteady term in the continuity equations (equations (3)- (5) and extrusion flux data to constrain model parameters to understand how subsurface magmatic processes influence the evolution of effusive eruptions.
Appendix A: Numerical Algorithm for Forward Model
The forward model consists of momentum balance (1) and three continuity equations (3)- (5). We write the continuity equations as
where df (z, y)∕dz describes the mass flux of constituents in terms of the fields y(z) = [p, v, g , m h ], and g (z, y) are source terms. The governing equations can be solved through various means, of which we choose the shooting method which can accommodate any loss of smoothness in the solution due to, for example, the percolation threshold. First, we apply the chain rule on (A1) to obtain implicit ordinary differential equations (ODEs),
Experiments have shown that solving the momentum balance equation (1) at each ODE solver stage is faster and more robust than letting the implicit ODE method solve it. Solving the momentum balance first using a root-finding algorithm gives an estimate of the pressure gradient, denoted dp * ∕dz. Combining dp dz − dp *
with the continuity equation (A2) yields an implicit ODE system of the form
Initial conditions are given by the boundary conditions at the conduit base
], and then y is integrated to the surface. As described in section 2.3, additional constraints are employed to relate ch g and m ch h to the total water and carbon dioxide contents at the conduit base. The shooting method solves equation (A4) for different v ch and outputs a scalar quantity that measures the difference between the calculated surface pressure and atmospheric pressure,
A solution is obtained when
We use MATLAB's ode15i to solve (A4) and fzero to solve (A5). The function ode15i may be called multiple times in one computation of the solution due to the presence of discontinuities as discussed in section 2.4. Segments are computed using event functions called by ode15i that identify the percolation threshold and plug depths.
Appendix B: Sensitivity Tests of Model Parameters
We perform sensitivity tests exploring model parameter values posited by data from the Mount St. Helens eruption ( Figure B1 ). In some cases, exit velocity and porosity are inconsistent with effusive eruptive behavior and therefore represent nonphysical solutions, but these cases still provide insight into the forward model. Correlations exist among the predicted data. Higher exit porosity corresponds to higher exit flux and exit velocity, but trends for plug depth and solidus depth are more complicated. With the exception of k c , changes in other model parameters lead to essentially monotonic changes in predicted data.
Changes in the observables due to variations in conduit base pressure p ch , nominal friction coefficient f 0 , and conduit radius R can be interpreted directly from the momentum balance equation (1). Increasing the chamber pressure raises the overall pressure gradient. Reducing f 0 , which translates directly into a drop in the friction coefficient, decreases shear resistance to flow along the conduit walls. A larger conduit radius reduces drag per unit volume of flow. All three effects increase magma velocity, which in turn increases the strain rate, limits viscosity increase due to solids at high solid fraction (Figure 2b ), and also restricts degassing.
Total water content h and magma permeability constants k c , gc directly affect the amount of exsolved volatiles within the conduit. At a chamber pressure of 87.5 MPa and total CO 2 content of 2,000 ppm, only 3.5 wt % water can be dissolved at the conduit base (Liu et al., 2005) . Naturally, higher total water content increases the exsolved water content (porosity), decreases the density, and thus increases exit velocity and flux. Higher percolation threshold causes more exsolved volatiles to be retained in the conduit, again increasing exit velocity, flux, and porosity. The scaling constant for magma permeability k c exhibits nonmonotonic trends in predicted data, which was discussed in section 3.3.
Plug depth and solidus depth show more complicated behavior; however, in general, both tend to be deeper at high porosity, exit velocity, and flux. The plug depth marks the transition from viscous flow to plug flow where wall shear stress reaches its peak (Figure 4b ). At higher flow velocity (e.g., due to higher chamber pressure), the wall shear stress in the viscous flow regime is correspondingly larger (equation (1)) and increases dramatically at greater depth. The friction coefficient also increases due to the direct velocity-strengthening effect. The combined effect of these two changes causes the peak in shear stress to occur at greater depth in the conduit. The solidus depth is defined as the maximum z for which l (z) = 0. This depth should be shallower than the plug transition depth because the plug can effectively slide as a single mass while still containing some liquid melt. Given an isothermal conduit at 850 ∘ C, the solidus pressure is fixed at 24.6 MPa ( Figure 2 ). The depth corresponding to this pressure depends on the density profile and viscous pressure losses. When porosity is higher, magma density decreases, so the solidus pressure of 24.6 MPa tends to occur at greater depth.
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C1. Constraints on the Prior Boundary conditions at the conduit base are pressure and total water content. Total CO 2 content is fixed in this work. For calculations here we assume a conduit length of 3.5 km, close to the best fit model found by Anderson and Segall (2013) . Changing the conduit length requires only a scaling of the pressure. Pressure at the conduit base is constrained at the lower bound by magmastatic pressure and on the upper bound by strength of the wall rock. For reference, an average dacite density of 2,400 kg∕m 3 gives magmastatic pressure at the conduit base of 82.4 MPa (Whittington et al., 2009 ). Since we do not know the magma density a priori as it depends on porosity, we apply a conservative lower bound of 75 MPa. Since evidence suggests that magma did not fracture the surrounding rock, we assume that pressure there cannot greatly exceed lithostatic (92.7 MPa), as in Anderson and Segall (2013) , giving an upper bound of 100 MPa.
Estimates from gas emissions during the eruption and petrologic analysis of amphiboles in the erupted dacite indicate that the magma reservoir contained ∼ 4 wt % dissolved water (Gerlach et al., 2008; Rutherford & Devine, 2008) . Lower water content found in matrix glass and melt inclusions suggests that these inclusions were not well sealed (Blundy et al., 2008; Pallister et al., 2008) . Because these data only constrain the dissolved water content as opposed to the total water content, we take the a priori total water content at the conduit base to range from 3 to 7 wt %.
We also estimate conduit radius in the inversion, assuming a constant cross section with depth. Observations of dome growth in Vallance et al. (2008) and Schilling et al. (2008) suggest a radius of ∼ 100 m. We consider a generous range to be 50 to 200 m.
Gas loss from the conduit requires estimation of two parameters: the scaling constant for magma permeability k c and the percolation threshold gc . The scaling constant is not well-constrained a priori, so we adopt a logarithmic scaling and use a range of 10 −15 -10 −5 m 2 (Kozono & Koyaguchi, 2012) . Most experiments suggest that the percolation threshold for spherical bubbles is ∼30% (Blower, 2001; Klug & Cashman, 1996; Saar & Manga, 1999) , however, the bubble size distribution may modify this value. For example, in polydisperse bubble size distributions, percolation threshold can be reduced to 27% (Blower, 2001) . To be conservative, we take the range of gc to be from 0.2 to 0.4.
Finally, we estimate the frictional properties of the conduit walls. Since extrusion velocity is assumed at steady state, the model is insensitive to the rate dependence of friction a, so we fix it to a typical value of 0.01 (Rice et al., 2001) . We maintain the rate-dependent formulation so that we may later apply it to the time-dependent system, where the plug velocity changes with time. Given a, bounds on f 0 effectively fix bounds on f . Moore et al. (2008) conducted laboratory experiments to estimate frictional properties of the fault gouge on the margin of the Mount St. Helens plug. Under confining stresses of 96-195 kPa, they estimate a friction coefficient of 0.42-0.47. Note that these confining pressures are much lower than pressures expected in the conduit above the solidus depth (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) (23) (24) (25) . Since f 0 is a positive quantity, we set its prior in logarithmic space, from 10 −2 to 0.6, in part based on preliminary runs.
C2. Data From the Eruption
The forward model and data likelihood in Bayes' theorem allow us to incorporate diverse data types naturally. In the steady state system, we use data from (1) porosity of extruded lava, (2) spine exit velocity, (3) spine exit volume flux, (4) plug depth, and (5) solidus depth.
Dense dacite samples, likely from the dome interior, have a porosity less than 10%, while vesicular dacite samples from dome margins have a porosity in the range 25-40% Kendrick et al., 2012; Smith et al., 2011; Thornber et al., 2008) . Since our model is radially averaged and the high porosity samples are localized at the conduit margin, we judge a reasonable range of plug porosity to be from 5% to 10%.
From aerial and terrestrial photogrammetry, linear extrusion rate during the quasi-steady extrusion phase in March to December 2005 was 3-7×10 −5 m/s (Major et al., 2008; Vallance et al., 2008) . During the same period, the eruption flux was obtained independently by differencing sequential digital elevation models and found to be 1-2 m 3 /s . Assuming that conduit radius does not change substantially, these two observations are consistent with a radius of 75-150 m.
Plug depth represents the transition from a dominantly viscous flow regime to a frictional sliding regime. The best constraint on plug depth comes from the maximum depth of "drumbeat earthquakes," periodic earthquakes occurring beneath the dome during the eruption (Iverson et al., 2006) . One interpretation for these earthquakes, which we subscribe to, is that they are produced by stick-slip motion on the plug margins. While there are considerable uncertainties in depth, all drumbeat earthquakes appeared to originate from less than 1 km depth (Iverson et al., 2006; Moore et al., 2008; Thelen et al., 2008) . Generous bounds on the depth of plug formation are from 1.5 to 0.5 km.
Petrologic studies constrain the pressure of the solidus, since much of the crystallization is the result of decompression rather than cooling . The presence of tridymite in water-saturated, anorthite-free melts restricts pressure for matrix crystallization to 11-25 MPa Pallister et al., 2008) . Coprecipitation of quartz and feldspar requires low pressures, around 5-10 MPa, corresponding to approximately 400-500 m depth . These data confine the depth of crystallization to 0.5-1 km . In the forward model, we define and solve for the solidus depth, above which no more melt exists ( l (z) = 0). The solidus depth depends on the pressure gradient in the conduit but should be slightly shallower than plug depth, as the plug may form with some liquid melt present, and thus we estimate the same bounds of 1.5-0.5 km.
